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Abstract

Fractal geometry has been actively researched in a variety of disciplines. The essential concept of fractal analysis is
fractal dimension. It is easy to compute the fractal dimension of truly self-similar objects. Difficulties arise, however,
when we try to compute the fractal dimension of surfaces that are not strictly self-similar. A number of fractal surface
dimension estimators have been developed. However, different estimators lead to different results. In this paper, we
compared five fractal surface dimension estimators (triangular prism, isarithm, variogram, probability, and variation)
using surfaces generated from three surface generation algorithms (shear displacement, Fourier filtering, and midpoint
displacement). We found that in terms of the standard deviations and the root mean square errors, the triangular prism
and isarithm estimators perform the best among the five methods studied.
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1. Introduction

Fractal geometry is a useful way to describe and
characterize complex shapes and surfaces. Recent
research in geosciences and environmental science
communities have pushed the use of fractals into the
realm of metadata representation, environmental mon-
itoring, change detection, and landscape and feature
characterization (e.g., Lam, 2004; Lam et al., 1998;
Quattrochi et al., 2001; Read and Lam, 2002; Al-
Hamdan, 2004). The idea of fractal geometry was
originally derived by Mandelbrot in 1967 to describe
self-similar geometric figures such as the von Koch curve
(Mandelbrot, 1967, 1983). Fractal dimension (D) is a
key quantity in fractal geometry. The D value can be a
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non-integer and can be used as an indicator of the
complexity of curves and surfaces. For a self-similar
figure, it can be decomposed into N small parts, where
each part is a reduced copy of the original figure by a
ratio r. The D of a self-similar figure can be defined as
D = —log(N)/log(r) (Mandelbrot, 1967). For curves
and images that are not self-similar, there exist
numerous empirical methods to compute D. Results
from different estimators were found to differ from each
other (Klinkenberg and Goodchild, 1992). This is
partly due to the elusive definition of D, i.e., the
Hausdorff—Besicovitch dimension (Tate, 1998). For
results to be comparable and D be useful for the
characterization of textures, we need a robust estimator
that can give an estimate that, on the one hand, agrees
with our intuition of the complexity of curves and
surfaces, and, on the other hand, provides the best
discriminating ability among curves and surfaces of
different complexity.
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This paper compared five methods for calculating the
D of a raster image, including the triangular prism,
isarithm, variogram, probability, and variation estima-
tors. We used benchmark surfaces of known D values
generated from three algorithms, which include the shear
displacement, Fourier filtering, and midpoint displace-
ment methods. Similar studies that compared fractal
estimators have been conducted before. Klinkenberg and
Goodchild (1992) tested seven methods on 55 real
topographic data sets that yielded mixed results. Tate
(1998) analyzed several estimators using nine simulated
surfaces and also found that different estimators led to
different results. Using 25 simulated surfaces, Lam et al.
(2002) compared the first three estimators and found that
the isarithm and the triangular prism estimators generally
performed better than the variogram estimator. All these
previous studies provided useful information but also
pointed to the need for further research with a variety of
data. This study will add to the fractal literature by
comparing two additional fractal surface dimension
estimators using a total of 750 surfaces generated from
three different algorithms. Surfaces generated from
multiple algorithms are helpful to check whether the
estimators respond consistently when applied to images
from different sources, such as remote sensing images
acquired from disparate satellite platforms. Through this
large-scale experiment, we hope to provide more con-
fidence of our results and a better understanding of the
selected fractal surface estimators.

2. Estimators of D of an image

There are numerous methods proposed to calculate
the D of an image. In this paper, we studied five D
estimators, i.e., triangular prism, isarithm, variogram,
probability, and variation estimators. Computer pro-
grams for the first three estimators are available in
Image Characterization And Measurement System
(ICAMS), a software designed to compute fractal
dimension and other spatial indices for multi-scale
remote sensing data (Quattrochi et al., 1997, Lam
et al., 1998). The probability and variation estimators
were programmed in C+ + for this study. Flowcharts
and algorithms for the first three methods have been
documented in Jaggi et al. (1993) and Lam and De Cola
(1993, 2002), and therefore will only be briefly described
in this paper. The latter two methods were newly added
and their algorithms will be described in more detail
below. Both ICAMS and the additional programs for
this study are available from the authors.

2.1. Triangular prism

The triangular prism estimator was introduced by
Clarke (1986) and discussed in detail by Jaggi et al.

Fig. 1. Triangular prism.

(1993) and Lam and De Cola (1993, 2002). This method
derives a relationship between the surface area of
triangular prisms defined by the Z values of the image
and the step size of the grid used to measure the prism
surface area. For each step in a series of step sizes, a
series of triangular prisms are constructed by locating
them successively at the center of squares whose side is
the step size. The height of the prism at the corner is
defined by the pixel value. The average of the pixel
values located at the four corners of the prism becomes
the height of the apex of the prism which is placed at the
node common to all four pixels (Fig. 1). This defines the
four triangular surfaces comprising the triangular prism.
In the original algorithm (Clarke, 1986), the logarithm
of the surface area is regressed against the logarithm of
the area of the step size. The D is calculated as
D =2— B, where B is the slope of the regression.
However, Zhao (2001) found that the original triangular
prism method inappropriately used squared step size
instead of step size to calculate the fractal dimension and
thus underestimated the fractal dimension. The [CAMS’
implementation of the triangular prism method has
corrected this problem. Moreover, the original triangu-
lar prism method does not take into account the effect of
data range on the estimated D, which will bias the result.
To ensure comparable results among various surfaces
that often have different ranges of values, the data
values are normalized (stretched to 0-255 for an 8-bit
image) in ICAMS before computing the fractal dimen-
sion by the triangular prism estimator.

2.2. Isarithm

In the isarithm method (Goodchild, 1980; Lam and
De Cola, 1993, 2002), a series of isarithms (e.g.,
contours) based on the data values are formed on the
image. The fractal dimension of each isarithm can be
estimated with the walking divider method, and the D of
the image is the average fractal dimension of the
isarithms plus one: Dyyfuce = Disariim + 1. In  the
ICAMS implementation, only those isarithms that yield
an R?>>0.9 are included to compute the average D value
to represent the surface.
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2.3. Variogram

The variogram estimator (Mark and Aronson, 1984;
Jaggi et al., 1993; Lam and De Cola, 1993) measures D
of an image based on the variogram computed for the
study area, and y(h) = Var(Z; — Z;), where i,j are
spaced by the distance vector 4. The D can be derived
by regressing the logarithm of the distance vector with
the logarithm of the variance, and D = 3 — (B/2), where
B is the slope of the regression.

2.4. Probability

Voss (1988) proposed a method to compute the fractal
dimension. Let P(m, L) be the probability that there are
m points within a cube with side length L centered on an
arbitrary point in an image. Let N be the maximum
number of possible points in the cube. Let N(L)=

N
S 1/mP(m, L), then N(L) o< 1/LP. D = —B, where Bis
m=1

the slope of the regression of log(N(L)) versus log(L).
P(m, L) is estimated from the image data. In our
implementation, P(m, L) is estimated as follows. Each
pixel in the image is treated as a point in the three-
dimensional space. The coordinates of each pixel are its
row and column values in the two-dimensional image
space and the pixel value in the third (z) dimension. A
cube with side length L (an odd number) is centered on
each point successively except those points along the side
on which the cube extends outside the boundary of the
image. The algorithm will determine how many m points
are in each box using the criterion:

z —

L1 Ll
2 T

where z is the value of the center pixel. If only one pixel
within the box has a value within the range, then m = 1,
and vice versa. The algorithm will then tabulate how
many boxes of size L hasm =1, 2, 3, and so on. m is no
less than one since the center pixel is always in the cube.
P(m, L) is calculated as a ratio of the number of cubes of
size L with a value of m and the total number of boxes of
size L. The flowchart to compute the fractal dimension
using the probability method is shown in Fig. 2.

2.5. Variation

The variation estimator is computed in the following
manner (Parker, 1997; Tolle et al., 2003). Fig. 3 shows
the flowchart to compute the D by this method. An odd-
number moving window (e.g., 3 x 3, 5 x 5) of side length
L is placed over each point to compute the variation of
the z values within the window, where L is determined
by the radius ¢ : L = 2¢ + 1. Variation is defined as the
difference between the maximum pixel value and the
minimum value within the window. After the window
moves to the last point, the mean variation is computed
to form V(g). By varying ¢, we will get corresponding
V(e). The fractal dimension is given as D = 3 — B, where
B is the slope of the regression of log V'(¢) versus loge.

3. Surface generation algorithms

Natural objects can seldom be strictly self-similar;
most of them can at best be considered statistically self-
similar. One mathematical model to describe this
random fractal is fractional Brownian motion (fBm)
(Mandelbrot, 1983). There are a few surface generation
algorithms available to generate approximations to fBm
surfaces. In this paper, we studied three of them. The

. step = step+1
Selected area (top, left, bottom, right) Step=0 half 5,-22'; poﬁg (2, step) [«—
number_ of_ steps L = 2xhalf_size+l

}

Center the box (cube) on pixel (row,col) for each row from half_size+top to bottom-half_size
compute the number of points (m) falling in the box for each col from half_size+left to right-half_size

End of iteration?

No

Compute P(m, L) from the relative frequency of boxes

containing m number of points

N
Compute N(L) = Zl/ mp(m,L)

Do aregression of log(N(L)) versuslog (L)
Fractal dimension = - slope of gression

step == number_ of_ steps?

Fig. 2. Flowchart of probability estimator.
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< Selected area (top, left, bottom, right)

step =0

number_ of_steps

step = step+1
radius = power (2, step)

|

Center a square window of size radiusx2+1 on

(row, col), and compute the variation within the [+—
window

for each row from radius+top to bottom-radius

for each col from radiustleft to right-radius

End of iteration?

No

Compute the mean of all variations obtained in this step

step == number_ of_steps?

Do aregression of log(mean variation) versus log(radius)
Fractal dimension = 3 - slope of gression

Fig. 3. Flowchart of variation estimator.

shear displacement algorithm was derived from the
Fortran codes described in Lam and De Cola (1993) and
is now available from ICAMS. The Fourier filtering and
midpoint displacement methods were implemented with
Matlab™ to take advantage of existing routines.
Computer programs for these algorithms are available
through the authors.

The shear displacement algorithm was selected for this
study because it has already been tested in a number of
studies (e.g., Goodchild, 1980; Lam et al., 2002), and the
results from this study can be used to compare with
previous findings. The other two are also major methods
for generating fBm surfaces, but with some exceptions
(Tate, 1998), they have seldom been tested system-
atically. A problem regarding fBm surface generation is
statistical non-stationarity, which means results based
on the use of generated surfaces will involve some
degrees of uncertainty. In this study, a comparison of
the three surface generation algorithms will provide
useful information on whether substantial difference in
performance among these surface generators exists.
Furthermore, for each algorithm, we generated 50
surfaces for each dimension (D =2.1,2.3,2.5,2.7,2.9)
to test the performance of the fractal dimension
estimators to provide more confidence on our findings.

3.1. Shear displacement

This algorithm was proposed by Mandelbrot (1975a,
b), and descriptions can be found in Goodchild (1980)
and Lam and De Cola (1993). This algorithm starts with
an image of zero values. A random line is then drawn on
the image surface, and the two sides of the line are
vertically displaced to form a cliff. This process is
repeated for a large number of times. The direction and
location of lines are determined by two mutually

independent random processes. The points of intersec-
tion of the lines follow a Poisson distribution, while the
angles of intersection are distributed uniformly between
0 and 2. The amount of vertical displacement depends
on the persistence factor H, which has a value between 0
and 1. H is defined as: E[Z; — Ziyq]* = |d?? | where the
expected variance between two points having a distance
d is controlled by H. The fractal dimension of the
surface becomes: D = 3 — H. A fractal surface generated
with the shear displacement method is shown in
Fig. 4(A).

3.2. Fourier filtering

This algorithm was described by Voss (1985) and
Saupe (1988), and is based on a two-dimensional inverse
discrete Fourier transformation:

M-1N-1

Z(xp) =Y Y agem ), D
=0 1=

where Z(x, y) is the pixel value at position (x, y), a,; is
the complex coefficient, M and N are the number of
pixels in horizontal (x) and vertical (y) directions.

An image can be perfectly reconstructed from its
discrete Fourier transformation. For the image to be an
fBm, the complex coefficient a;; needs to satisfy:

5 1
E(|ak1| ) @m, 2)
where F is the operator of expectation, || is the operator
of the magnitude of a complex number. The D value of
the surface is D = 3 — h. Detailed pseudo-codes can be
found in Saupe (1988). Fig. 4(B) is an example surface
generated by this algorithm.
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3.3. Midpoint displacement

This algorithm was proposed by Fournier et al. (1982)
and discussed by Voss (1988) and Saupe (1988). The
algorithm starts with an image with pixel values at four
corners drawn from a Gaussian distribution N(u, 62). A
center point (midpoint) is then assigned, and its value is
the average of its four neighboring pixels plus a random

value generated from a Gaussian distribution N <u, g—f)

This process is repeated until we get the desired number
of pixels. The D value of the surface is D = 3 — h. This
algorithm leads to non-stationary simulations. To
mitigate non-stationarity, Voss (1988) further added
random additions to the four neighboring pixels (Tate,
1998). However, our preliminary testing showed that the
random additions added to the neighboring pixels had
little effect on the estimation of fractal dimension. We
thus used the original algorithm, which added random-

ness to the midpoint only. Fig. 4(C) shows a surface
generated from this algorithm.

4. Results and discussion

Fifty surfaces of size 513 x 513 were generated for
each surface generation algorithm for each of the
following D values: 2.1, 2.3, 2.5, 2.7, and 2.9, resulting
in a total of 750 surfaces. For the shear displacement
algorithm, we used 3000 cuts. The pixel values in all
generated images were linearly rescaled to the range of
0-255. For the triangular prism estimator, we used five
geometric steps. For the isarithm estimator, the isarithm
interval was ten, the number of walking divider steps
was five, and calculations were done along both row and
column directions. For the variogram estimator, we
took systematic sampling by sampling every tenth pixel.

200 200
100 100 200
0 0 100

(A) (B) ©

Fig. 4. Sample surfaces with a theoretical D of 2.5 generated by (A) shear displacement, (B) fourier filtering, and (C) midpoint
displacement.

Table 1
Mean, standard deviation (std), and coefficient of variation (c.v.) of estimated D’s of 50 surfaces generated for each theoretical D using
shear displacement algorithm

Theoretical D Triangular Isarithm Variogram Probability Variation
2.1 mean 2.04 2.04 2.11 2.00 2.03
std 0.02 0.13 0.12 0.01 0.04
C.v. 0.01 0.06 0.06 0.01 0.02
2.3 mean 2.05 2.09 2.23 2.02 2.09
std 0.01 0.02 0.10 0.02 0.04
c.v. 0.01 0.01 0.05 0.01 0.02
2.5 mean 2.30 2.39 2.56 2.25 2.37
std 0.03 0.02 0.09 0.04 0.02
C.v. 0.01 0.01 0.04 0.02 0.01
2.7 mean 2.69 2.78 2.89 2.54 2.62
std 0.01 0.02 0.04 0.01 0.01
c.v. 0.00 0.01 0.01 0.00 0.00
2.9 mean 2.88 2.95 3.00 2.61 2.72
std 0.01 0.03 0.00 0.00 0.01

c.v. 0.00 0.01 0.00 0.00 0.00
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The distances were classified into 20 groups and the first
eight groups were used in the regression. Both prob-
ability and variation estimators used eight geometric
steps (3, 5,9, 17, 33, 65, 129, 257).

Table 1 shows the means, standard deviations, and
coefficients of variation of estimated D’s of the 50
surfaces generated for each theoretical D value using the
shear displacement algorithm. The average D’s are
also plotted in Fig. 5. From Fig. 5 and Table 1, we
find that some estimators perform better in estimating
the dimensions of surfaces with low theoretical D
(variogram), whereas others yield more accurate esti-
mates for surfaces of high theoretical D (triangular

29+ /
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7 257 .
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©
=
23+t 1
—&— Triangular
—=— |sarithm
—&— Variogram
21t —5— Probability
—A— Variation

2.1 2.3 2.5 2.7 2.9
Theoretical D

Fig. 5. Mean D of surfaces generated using shear displacement
algorithm.

Table 2

prism). Variogram consistently yields higher estimated
D’s than the rest of the methods, whereas the probability
estimator consistently gives the lowest estimated D’s. In
terms of the variability of the estimates, the variogram
estimator is the most unstable as it has the highest
standard deviation as well as coefficient of variation
values on average. Although we fixed the input
parameters of this estimator in this study (e.g., sampling
every tenth pixel, 20 distance groups), the many different
parameter input values required for this estimator makes
this estimator undesirable for consistent estimation.

Table 2 shows the same statistics for the Fourier
filtering algorithm. The means are also plotted in Fig. 6.
Both table and figure show that the isarithm estimator
performs the best, as the mean estimated D’s fall closely
around the diagonal line. The triangular estimator
behaves similarly to the isarithm estimator but generally
gives lower estimates of D. The probability and
variation estimators also behave in a similar manner
(i.e., almost parallel with each other), with the former
consistently yielding lower estimates than the latter. The
variogram estimator overestimates and yields much
higher D’s than the theoretical values. As in the shear
displacement method, the varigoram estimator also has
the highest variability (i.e. high standard deviations and
coefficients of variation).

For the midpoint displacement method, similar
performance patterns with the Fourier filtering surfaces
were observed (Table 3 and Fig. 7). Again, the isarithm
and the triangular estimators almost parallel with each
other, with the former being slightly above (over-
estimates) and the latter slightly below (underestimates)
the diagonal line. The probability and the variation
estimators also parallel with each other, with the former
consistently yielding lower estimates than the latter. The

Mean, standard deviation (std), and coefficient of variation (c.v.) of estimated D’s of 50 surfaces generated for each theoretical D using

Fourier filtering algorithm

Theoretical D Triangular Isarithm Variogram Probability Variation
2.1 mean 2.12 2.17 2.53 2.12 2.20
std 0.02 0.02 0.10 0.03 0.03
c.v. 0.01 0.01 0.04 0.01 0.02
2.3 mean 2.23 2.31 2.58 222 2.30
std 0.03 0.02 0.11 0.04 0.04
cv. 0.01 0.01 0.04 0.02 0.02
2.5 mean 2.40 2.48 2.71 2.35 2.42
std 0.03 0.03 0.10 0.03 0.03
c.v. 0.01 0.01 0.04 0.01 0.01
2.7 mean 2.56 2.65 2.79 2.46 2.53
std 0.01 0.02 0.08 0.02 0.02
cv. 0.01 0.01 0.03 0.01 0.01
2.9 mean 2.70 2.78 2.89 2.54 2.62
std 0.01 0.02 0.04 0.01 0.01
c.v. 0.00 0.01 0.02 0.00 0.00
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variogram estimator overestimates for surfaces with
lower theoretical D, but gives more accurate estimates
for surfaces with higher D.

The Pearson’s correlation coefficients between the 250
theoretical and estimated D’s were calculated and are
shown in Table 4. If an estimator is consistently biased,
the bias will have no effect on the Pearson’s correlation
coefficient. Table 4 shows that all five estimators have an
average correlation coefficient higher than 0.90, except
in the case of variogram when Fourier filtering surfaces
were used (r = 0.83). The triangular prism estimator has
the highest average correlation coefficient, and the

variogram estimator has the lowest. In addition to the
correlation, we calculated the standard deviation and
coefficient of each group of estimated D’s (Table 5).
Both statistics provide a measure of variability and
robustness of each estimator when applied to surfaces
from different sources. With the exception of the
variogram estimator which has a higher average
standard deviation value (0.8), the other four estimators
have an average standard deviation value close to 0.02.

A more revealing performance measure in this case is
the root mean-squared error (RMSE) between the
theoretical values and the actual estimates by each

29} a4 29} /)
a 2.7+ 4 o 27 J
5 E
© IS
£ =
5 25¢ 1 7 25¢f 1
L L
c c
8 5
2 E
23t b 2.3 ]
—&— Triangular —— Triangular
—&— |sarithm —&— |sarithm
—A— Variogram —&— Variogram
21} -8 Probability ] 21} -8 Probability ]
—A— Variation —A— Variation

2.1 2.3 25 2.7 2.9 21 2.3 2.5 2.7 2.9

Theoretical D Theoretical D

Fig. 7. Mean D of surfaces generated using midpoint displace-
ment algorithm.

Fig. 6. Mean D of surfaces generated using Fourier filtering
algorithm.

Table 3
Mean, standard deviation (std), and coefficient of variation (c.v.) of estimated D’s of 50 surfaces generated for each theoretical D using
midpoint displacement algorithm

Theoretical D Triangular Isarithm Variogram Probability Variation
2.1 mean 2.08 2.19 2.33 2.05 2.18
std 0.01 0.02 0.08 0.03 0.03
c.v. 0.01 0.01 0.03 0.01 0.01
2.3 mean 2.22 237 2.46 2.18 2.31
std 0.03 0.02 0.10 0.05 0.03
c.v. 0.01 0.01 0.04 0.02 0.01
2.5 mean 2.43 2.55 2.60 2.36 2.45
std 0.02 0.02 0.09 0.04 0.02
c.v. 0.01 0.01 0.04 0.02 0.01
2.7 mean 2.63 2.73 2.73 2.48 2.56
std 0.02 0.02 0.08 0.02 0.02
c.v. 0.01 0.01 0.03 0.01 0.01
2.9 mean 2.83 2.88 2.88 2.56 2.65
std 0.01 0.02 0.04 0.01 0.01

C.v. 0.00 0.01 0.01 0.00 0.00
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Table 4
Pearson’s correlation coefficient between 250 theoretical D’s and measured D’s for each surface generation algorithm
Triangular Isarithm Variogram Probability Variation
Shear displacement 0.96 0.96 0.96 0.96 0.98
Fourier filtering 0.99 0.99 0.83 0.98 0.98
Midpoint displacement 1.00 1.00 0.93 0.98 0.99
Table 5
Mean standard deviations for set of D’s
Triangular Isarithm Variogram Probability Variation
Shear displacement 0.02 0.04 0.07 0.02 0.02
Fourier filtering 0.02 0.02 0.09 0.03 0.03
Midpoint displacement 0.02 0.02 0.08 0.03 0.02
Average 0.02 0.03 0.08 0.02 0.02
Table 6
RMSE of D’s
Triangular Isarithm Variogram Probability Variation
Shear displacement 0.06 0.14 0.12 0.10 0.08
0.25 0.21 0.12 0.28 0.21
0.20 0.11 0.11 0.25 0.13
0.02 0.08 0.19 0.16 0.08
Average 0.02 0.06 0.10 0.29 0.18
Fourier filtering 0.11 0.12 0.13 0.22 0.14
0.03 0.07 0.44 0.04 0.11
0.07 0.03 0.30 0.09 0.04
0.11 0.03 0.23 0.15 0.08
0.14 0.06 0.12 0.24 0.17
Average 0.20 0.12 0.05 0.36 0.28
Midpoint displacement 0.11 0.06 0.23 0.18 0.13
0.02 0.09 0.24 0.06 0.08
0.08 0.07 0.19 0.13 0.03
0.08 0.06 0.13 0.15 0.05
0.07 0.03 0.08 0.22 0.14
0.07 0.03 0.04 0.34 0.25
Average 0.06 0.06 0.14 0.18 0.11
Grand average 0.09 0.08 0.16 0.19 0.13

estimator for each theoretical D, which is shown in
Table 6. Both the triangular prism and isarithm
estimators have lower RMSE than the other, meaning
that their estimated D’s are closer to the theoretical
values. Although the probability and variation
estimators are generally stable and correspond linearly
with the theoretical values (as indicated by their

correlation coefficients), their large RMSE values
indicate their inability to yield estimated D’s that
resemble the theoretical D’s. This could indicate a
redefinition of the algorithms such that their estimates
can be shifted up consistently to give better estimates.
The variogram estimator behaves quite erratically and
has the highest RMSE when Fourier filtering surfaces
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were used. Finally, we observe that RMSE’s are the
lowest when surfaces generated from the midpoint
displacement method were used, which is an interesting
and unexpected result, as previous research seems to
focus more on the shear displacement algorithm. The
findings from this study regarding the first three
estimators (triangular prism, isarithm, and variogram)
agree with previous studies in which the variogram
estimator was found not suitable for deriving reliable D
values.

5. Conclusions

A number of methods have been proposed to
calculate the fractal dimension of an image. Unfortu-
nately, previous studies show that different methods
often produce different results. In this paper, we studied
and compared five methods for the estimation of fractal
dimensions of two-dimensional surfaces using 750
artificial surfaces generated from three different surface
generation algorithms. Our findings reveal several
important points. First, our results clearly show that
the triangular prism and isarithm estimators perform the
best, as both their RMSE’s and standard deviations are
among the lowest. The variogram estimator is the most
unstable and inaccurate. Second, the probability and
variation estimators behave in a very similar manner
(parallel with each other), with the probability
estimator consistently yielding a lower D estimate
and thus a higher RMSE. Since their correlation
coefficients between estimated and theoretical D’s are
as high as those of the triangular prism and isarithm
estimator, it is possible for future studies that a
redefinition of these two algorithms will lead to
significant improvement in their performance. Third,
our findings show that surfaces generated from the
midpoint displacement algorithm are most agreeable
with the estimated D’s derived from the estimators, as
evidenced from the low RMSE’s and high correlation
coefficients. This is an unexpected but interesting result,
as previous research has been focusing more on
the shear displacement method. Perhaps more use of
the midpoint displacement method is warranted in the
future. Last but not the least, statistics from this
study (the mean standard deviation) can possibly be
used to test the significance of difference between two
measured D’s.
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